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NATURAL CONNECTIONS WITH TOTALLY
SKEW-SYMMETRIC TORSION ON MANIFOLDS WITH
ALMOST CONTACT 3-STRUCTURE AND METRICS OF
HERMITIAN-NORDEN TYPE
MANCHO MANEV
Abstract. It is considered a differentiable manifold equipped with a pseudo-
Riemannian metric and an almost contact 3-structure so that an almost con-
tact metric structure and two almost contact B-metric structures are gener-
ated. There are introduced the so-called associated Nijenhuis tensors for the
studied structures. It is given a geometric interpretation of the vanishing of
these tensors as a necessary and sufficient condition for the existence of linear
connections with totally skew-symmetric torsions preserving the structure. An
example of a 7-dimensional manifold with connections of the considered type
is given.
1. Introduction
It is known the notion of an almost contact 3-structure on a differentiable mani-
fold of dimension 4n+3 ([10, 21]). The product of a manifold with almost contact
3-structure and a real line admits an almost hypercomplex structure (cf. [10, 1]).
It is only considered the case of equipping of such a manifold with a Riemannian
metric compatible with each of the three structures in the given almost contact
3-structure. This is the so-called almost contact metric 3-structure.
In [17], we have introduced a pseudo-Riemannian metric which has another kind
of compatibility with the triad of almost contact structures on a manifold with
almost contact 3-structure. The product of this manifold of new type and a real line
is a (4n+4)-dimensional manifold which admits an almost hypercomplex structure
(J1, J2, J3) and a Hermitian-Norden metric (briefly, an HN-metric), i.e. J1 (resp.,
J2 and J3) acts as an isometry (resp., act as anti-isometries) with respect to the
pseudo-Riemannian metric of neutral signature in each tangent fibre. This structure
is called an almost hypercomplex HN-metric structure and it is studied in [8, 11,
13, 18], etc. The constructed structure on (4n + 3)-dimensional manifolds we call
an almost contact 3-structure with metrics of Hermitian-Norden type (briefly, an
HN-type).
The goal of the present paper is to introduce an appropriate tensor on a manifold
with almost contact 3-structure and metrics of HN-type such that the vanishing of
this tensor is a necessary and sufficient condition for existence of linear connections
with totally skew-symmetric torsion preserving the almost contact 3-structure and
the metric of HN-type.
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Convention 1. Let M be an almost contact manifold and M× R be the corre-
sponding almost complex manifold.
(i) We shall use x, y, z, . . . to denote smooth vector fields on M, i.e. x, y, z ∈
X(M), or vectors in the tangent space TpM at p ∈M;
(ii) We shall use X, Y , Z, . . . to denote smooth vector fields on M× R or
tangent vectors in Tp¯(M× R) at p¯ ∈M× R.
2. Manifolds with almost contact HN-metric 3-structure
Let (M, ϕα, ξα, ηα), (α = 1, 2, 3) be a manifold with an almost contact 3-
structure, i.e. M is a (4n+3)-dimensional differentiable manifold with three almost
contact structures (ϕα, ξα, ηα), (α = 1, 2, 3) consisting of endomorphisms ϕα of the
tangent bundle, Reeb vector fields ξα and their dual contact 1-forms ηα satisfying
the following identities:
(1)
ϕα ◦ ϕβ = −δαβI + ξα ⊗ ηβ + ǫαβγϕγ ,
ϕαξβ = ǫαβγξγ , ηα ◦ ϕβ = ǫαβγηγ , ηα(ξβ) = δαβ ,
where α, β, γ ∈ {1, 2, 3}, I is the identity on the algebra X(M), δαβ is the Kronecker
delta, ǫαβγ is the Levi-Civita symbol, i.e. either the sign of the permutation (α, β, γ)
of (1, 2, 3) or 0 if any index is repeated.
In [17], we introduce the following notion. A pseudo-Riemannian metric g is
called a metric of Hermitian-Norden type (in short an HN-metric) on a manifold
with almost contact 3-structure (M, ϕα, ξα, ηα), if it satisfies the identities
(2) g(ϕαx, ϕαy) = εαg(x, y) + ηα(x)ηα(y), α = 1, 2, 3
for some cyclic permutation (ε1, ε2, ε3) of (1,−1,−1). We suppose for the sake of
definiteness that
εα =
{
1, α = 1;
−1, α = 2, 3.
Then, (ϕα, ξα, ηα, g) we call an almost contact HN-metric 3-structure.
Actually, this 3-structure consists of an almost contact metric structure for α = 1
and two almost contact B-metric structures for α = 2 and α = 3. Then g is a
compatible metric with respect to (ϕ1, ξ1, η1, g) and g is a B-metric with respect to
(ϕ2, ξ2, η2, g) and (ϕ3, ξ3, η3, g) on M.
The fundamental tensors of a manifold with almost contact HN-metric 3-struc-
ture are the three (0, 3)-tensors determined by
(3) Fα(x, y, z) = g
(
(∇xϕα) y, z
)
, α = 1, 2, 3,
where ∇ is the Levi-Civita connection generated by g. They have the following
basic properties caused by the structures
(4)
Fα(x, y, z) = −εαFα(x, z, y)
= −εαFα(x, ϕαy, ϕαz) + Fα(x, ξα, z) ηα(y)
+ Fα(x, y, ξα) ηα(z).
Bearing in mind the following consequence of (2)
(5) ηα = −εαξαy g,
as well as (3), we have the following relations
(6) Fα(x, ϕαy, ξα) = −εα (∇xηα) (y) = g (∇xξα, y) .
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Let Lξαg denote the Lie derivative of g along ξα. We have the following relations
using (2)
(7)
(Lξαg)(x, y) = g(∇xξα, y) + g(x,∇yξα)
= −εα
(
(∇xηα) (y) + (∇yηα) (x)
)
.
We use the known classifications of the almost contact metric manifolds and the
almost contact B-metric manifolds in terms of Fα given in [2] and [6], respectively.
The former classification is relevant for α = 1 and contains 12 basic classesWi (i =
1, 2, . . . , 12), whereas the latter one consists of 11 basic classes Fi (i = 1, 2, . . . , 11)
and it applies for α = 2 or α = 3.
3. Associated Nijenhuis tensors on manifolds with almost contact
HN-metric 3-structure
As it is known, for each α ∈ {1, 2, 3} the Nijenhuis tensor Nα of an almost
contact manifold (M, ϕα, ξα, ηα) is defined by:
Nα = [ϕα, ϕα] + ξα ⊗ dηα,
where we have [ϕα, ϕα](x, y) = ϕ
2
α[x, y] + [ϕαx, ϕαy]−ϕα[ϕαx, y]−ϕα[x, ϕαy] and
dηα(x, y) = (∇xηα) y − (∇yηα)x. Moreover, let us recall, if two almost contact
structures in an almost contact 3-structure are normal, then the third one is also
normal [10, 22].
Let us consider the symmetric braces {x, y} introduced by the following equalities
for a pseudo-Riemannian metric g
(8)
g({x, y}, z) = g(∇xy +∇yx, z)
= xg(y, z) + yg(x, z)− zg(x, y)− g([y, z], x) + g([z, x], y).
For the almost contact structure (ϕ1, ξ1, η1) and the metric g, we define a sym-
metric tensor N̂1 by
(9) N̂1 = {ϕ1, ϕ1} − ξ1 ⊗ Lξ1g,
where {ϕ1, ϕ1} is the symmetric tensor field of type (1, 2) given by
(10) {ϕ1, ϕ1}(x, y) = {ϕ1x, ϕ1y}+ (ϕ1)
2{x, y} − ϕ1{ϕ1x, y} − ϕ1{x, ϕ1y}.
We call N̂1 an associated Nijenhuis tensor on (M, ϕ1, ξ1, η1, g).
The corresponding tensors of type (0, 3) for N1 and N̂1 are given by N1(x, y, z) =
g(N1(x, y), z) and N̂1(x, y, z) = g(N̂1(x, y), z), respectively.
By direct consequences of the definitions, we get that N1, N̂1 and Lξ1g are
expressed in terms of F1 as follows:
N1(x, y, z) = F1(ϕ1x, y, z) + F1(x, y, ϕ1z) + F1(x, ϕ1y, ξ1) η1(z)
− F1(ϕ1y, x, z)− F1(y, x, ϕ1z)− F1(y, ϕ1x, ξ1) η1(z),
(11)
N̂1(x, y, z) = F1(ϕ1x, y, z) + F1(x, y, ϕ1z) + F1(x, ϕ1y, ξ1) η1(z)
+ F1(ϕ1y, x, z) + F1(y, x, ϕ1z) + F1(y, ϕ1x, ξ1) η1(z),
(12)
(Lξ1g) (x, y) = F1(x, ϕ1y, ξ1) + F1(y, ϕ1x, ξ1).(13)
In [19], it is defined the associated Nijenhuis tensor N̂2 for the almost contact
B-metric structure (ϕ2, ξ2, η2) by
(14) N̂2 = {ϕ2, ϕ2}+ ξ2 ⊗ Lξ2g,
where {ϕ2, ϕ2} is the symmetric tensor field of type (1, 2) defined as in (10).
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Proposition 1. For the almost contact B-metric manifold (M, ϕ2, ξ2, η2, g), the
vanishing of N̂2 implies that ξ2 is Killing.
Proof. It is known the formula for F2 in terms of N2 and N̂2 from [9], whereas the
expression of N̂2 by F2 is given in [19]:
F2(x, y, z) = −
1
4
{
N2(ϕ2x, y, z) +N2(ϕ2x, z, y)
+ N̂2(ϕ2x, y, z) + N̂2(ϕ2x, z, y)
}
+
1
2
η2(x)
{
N2(ξ2, y, ϕ2z) + N̂2(ξ2, y, ϕ2z)
+ η2(z)N̂2(ξ2, ξ2, ϕ2y)
}
,
N̂2(x, y, z) = F2(ϕ2x, y, z)− F2(x, y, ϕ2z) + F2(x, ϕ2y, ξ2) η2(z)
+ F2(ϕ2y, x, z)− F2(y, x, ϕ2z) + F2(y, ϕ2x, ξ2) η2(z).
By the latter equalities, (6) and (7), we obtain the following relation
(Lξ2g)(x, y) = −
1
2
{
N̂2(ϕ2x, ϕ2y, ξ2) + N̂2(ξ2, ϕ2x, ϕ2y) + N̂2(ξ2, ϕ2y, ϕ2x)
}
+ η2(x)N̂2(ξ2, ξ2, y) + η2(y)N̂2(ξ2, ξ2, x)
}
,
which yields the statement. 
Let us remark that a similar statement of Proposition 1 for an almost contact
metric manifold is not true.
Let the manifold M be equipped with an almost contact 3-structure (ϕα, ξα,
ηα), (α = 1, 2, 3) and then we consider the productM×R. Let X be a vector field
on M× R which is presented by a pair
(
x, a ddt
)
, where x is a tangent vector field
onM, t is the coordinate on R and a is a differentiable function onM×R [3, Sect.
6.1]. The almost complex structures Jα, (α = 1, 2, 3) are defined on the manifold
M× R by
(15) JαX = Jα
(
x, a ddt
)
=
(
ϕαx− aξα, ηα(x)
d
dt
)
.
In such a way, in [23], it is defined an almost hypercomplex structure on M× R
when M has an almost contact 3-structure.
Moreover, we equip M× R with the product metric G = g − dt2. By virtue of
(15), (2) and its consequence g(ξα, ξα) = −εα, we obtain
G
(
Jα(x, a
d
dt), Jα(y, b
d
dt )
)
= εαG
(
(x, a ddt ), (y, b
d
dt )
)
,
i.e. the manifoldM×R has an almost hypercomplex HN-metric structure (Jα, G),
(α = 1, 2, 3).
We introduce the braces {X,Y } for the vector fields X =
(
x, a ddt
)
and Y =(
y, b ddt
)
on M× R defined by
(16) {X,Y } =
(
{x, y}, (x(b) + y(a)) ddt
)
,
where {x, y} are given in (8). Obviously, the braces are symmetric.
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It is known from [12], the Nijenhuis tensor of two endomorphisms Jα and Jβ has
the following form:
2[Jα, Jβ](X,Y ) = [JαX, JβY ]− Jα[JβX,Y ]− Jα[X, JβY ]
+ [JβX, JαY ]− Jβ[JαX,Y ]− Jβ[X, JαY ]
+ (JαJβ + JβJα)[X,Y ].
Moreover, the Nijenhuis tensor of an almost complex structure Jα ≡ Jβ is presented
by
[Jα, Jα](X,Y ) = [JαX, JαY ]− Jα[JαX,Y ]− Jα[X, JαY ]− [X,Y ].
Analogously of the last two equalities, using the braces (16) instead of the Lie
brackets, we define consequently the associated Nijenhuis tensors in the two respec-
tive cases as follows:
2{Jα, Jβ}(X,Y ) = {JαX, JβY } − Jα{JβX,Y } − Jα{X, JβY }
+ {JβX, JαY } − Jβ{JαX,Y } − Jβ{X, JαY }
+ (JαJβ + JβJα){X,Y },
(17)
{Jα, Jα}(X,Y ) = {JαX, JαY } − Jα{JαX,Y } − Jα{X, JαY }
− {X,Y }.
The latter tensor is given in [15] and coincides with the tensor N˜ introduced in [5]
by an equivalent equality of (17).
According to [7], the G1-manifolds are almost Hermitian manifolds whose corre-
sponding Nijenhuis (0,3)-tensor by the Hermitian metric is a 3-form. This condition
is equivalent to the vanishing of the associated Nijenhuis tensor, according to [16].
As it is known from [5], the class of the quasi-Ka¨hler manifolds with Norden
metric is the only basic class of the considered manifolds with non-integrable al-
most complex structure J , because [J, J ] is non-zero there. Moreover, this class is
determined by the condition {J, J} = 0.
In [16], it is proven the following
Proposition 2. Let (J1, J2, J3) be an almost hypercomplex structure and G is a
pseudo-Riemannian metric on the almost hypercomplex manifold. If two of its six
associated Nijenhuis tensors {J1, J1}, {J2, J2}, {J3, J3}, {J1, J2}, {J1, J3}, {J2, J3}
vanish, then the others also vanish.
We seek to express in terms of the structure tensors of (ϕα, ξα, ηα) a necessary
and sufficient condition for {Jα, Jα} = 0.
For the structure (ϕα, ξα, ηα, g), α ∈ {1, 2, 3}, let us define the following four
tensors of type (1,2), (0,2), (1,1), (0,1), respectively:
(18)
N̂
(1)
α (x, y) = {ϕα, ϕα}(x, y)− εα (Lξαg) (x, y) · ξα,
N̂
(2)
α (x, y) = −εα (Lξαg) (ϕαx, y)− εα (Lξαg) (x, ϕαy),
N̂
(3)
α x = {ϕα, ϕα}(ϕαx, ξα) + (Lξαηα) (ϕαx) · ξα + 2ηα(x)ϕα∇ξαξα,
N̂
(4)
α (x) = − (Lξαηα) (x).
Proposition 3. The associated Nijenhuis tensor {Jα, Jα} of an almost complex
structure Jα for some (M×R, Jα, G), α ∈ {1, 2, 3}, vanishes if and only if the four
tensors N̂
(1)
α , N̂
(2)
α , N̂
(3)
α , N̂
(4)
α for the structure (ϕα, ξα, ηα, g) vanish.
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Proof. First of all we need of the following relations
(19) (Lξαg) (ξα, x) = −εα (Lξαηα) (x) = g (∇ξαξα, x) .
These equalities follow by virtue of (5), (6), (7).
Since any {Jα, Jα} is a tensor field of type (1, 2), it suffices to compute the tensors
{Jα, Jα}((x, 0), (y, 0)) and {Jα, Jα}((x, 0), (o,
d
dt )), where o is the zero element of
X(M). Taking into account (10), (15), (16), (17), we obtain consequently:
{Jα, Jα}
(
(x, 0 ddt), (y, 0
d
dt )
)
=
=
{(
ϕαx, ηα(x)
d
dt
)
,
(
ϕαy, ηα(y)
d
dt
)}
−
{(
x, 0 ddt
)
,
(
y, 0 ddt
)}
− Jα
{(
ϕαx, ηα(x)
d
dt
)
,
(
y, 0 ddt
)}
− Jα
{(
x, 0 ddt
)
,
(
ϕαy, ηα(y)
d
dt
)}
=
(
{ϕαx, ϕαy} , (ϕαx(ηα(y)) + ϕαy(ηα(x)))
d
dt
)
−
(
−ϕ2α {x, y}+ ηα ({x, y}) ξα, 0
d
dt
)
−
(
ϕα{ϕαx, y} − y (ηα(x)) ξα, ηα ({ϕαx, y})
d
dt
)
−
(
ϕα{x, ϕαy} − x (ηα(y)) ξα, ηα ({x, ϕαy})
d
dt
)
=
(
N̂ (1)α (x, y), N̂
(2)
α (x, y)
d
dt
)
,
{Jα, Jα}
(
(x, 0 ddt), (o,
d
dt )
)
=
=
{(
ϕαx, ηα(x)
d
dt
)
,
(
−ξα, 0
d
dt
)}
−
{(
x, 0 ddt
)
,
(
o, ddt
)}
− Jα
{(
ϕαx, ηα(x)
d
dt
)
,
(
o, ddt
)}
− Jα
{(
x, 0 ddt
)
,
(
−ξα, 0
d
dt
)}
=−
(
{ϕαx, ξα}, ξα (ηα(x))
d
dt
)
+
(
ϕα{x, ξα}, ηα ({x, ξα})
d
dt
)
=
(
N̂ (3)α x, N̂
(4)
α (x)
d
dt
)
.
Then, for any α = 1, 2, 3, the vanishing of {Jα, Jα} holds if and only if N̂
(1)
α , N̂
(2)
α ,
N̂
(3)
α , N̂
(4)
α vanish. 
Proposition 4. For an almost contact structure (ϕα, ξα, ηα), α ∈ {1, 2, 3} and a
pseudo-Riemannian metric g, the vanishing of N̂
(1)
α implies the vanishing of N̂
(2)
α ,
N̂
(3)
α and N̂
(4)
α .
Proof. We set y = ξα in N̂
(1)
α (x, y) = 0 and apply ηα. Then, using (10) and (1), we
obtain (Lξαg) (x, ξα) = 0 and thus N̂
(4)
α = 0, according to (19).
Therefore, from the form of N̂
(1)
α in (18), we get {ϕα, ϕα}(ϕαx, ξα) = 0. On the
other hand, bearing in mind (19), we have that the vanishing of (Lξαg) (x, ξα) is
equivalent to the vanishing of (Lξαηα) (x) and ∇ξαξα. Thus, we obtain N̂
(3)
α = 0.
Finally, applying ηα to N̂
(1)
α (ϕαx, y) = 0 and using (10), we have
ηα
(
{ϕ2αx, ϕαy}
)
− εα (Lξαg) (ϕαx, y) = 0.
The first term in the latter equality can be expressed in the following form
−εα (Lξαg) (x, ϕαy),
using that Lξαηα vanishes. In such a way we obtain that N̂
(2)
α (x, y) = 0. 
Proposition 5. For an almost contact structure (ϕα, ξα, ηα), α ∈ {1, 2, 3} and a
pseudo-Riemannian metric g, where ξα is Killing, N̂
(2)
α and N̂
(4)
α vanish. Moreover,
we have the following:
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(i) N̂
(1)
α vanishes if and only if {ϕα, ϕα} vanishes;
(ii) N̂
(3)
α vanishes if and only if ξαy{ϕα, ϕα} vanishes.
Proof. Taking into account that Lξαg vanishes, we have N̂
(1)
α = {ϕα, ϕα} and
N̂
(2)
α = 0. Further, we obtain N̂
(4)
α = 0 and N̂
(3)
α x = {ϕα, ϕα}(ϕαx, ξα), according
to (19). Then, (i) is obvious whereas (ii) holds, bearing in mind the assumption for
ξα. 
Let (M, ϕα, ξα, ηα, g), (α = 1, 2, 3) be a manifold with almost contact HN-metric
3-structure. The symmetric (1, 2)-tensors defined by
(20) N̂α = {ϕα, ϕα} − εαξα ⊗ Lξαg
we call associated Nijenhuis tensors on (M, ϕα, ξα, ηα, g).
The corresponding (0, 3)-tensors are denoted by
N̂α(x, y, z) = g(N̂α(x, y), z), {ϕα, ϕα}(x, y, z) = g({ϕα, ϕα}(x, y), z).
Then, taking into account (5) and (20), we obtain
N̂α(x, y, z) = {ϕα, ϕα}(x, y, z) + (Lξαg) (x, y) ηα(z).
Theorem 6. Let (M, ϕα, ξα, ηα, g), (α = 1, 2, 3) be a manifold with almost contact
HN-metric 3-structure. For any α, the associated Nijenhuis tensor {Jα, Jα} of the
almost complex structure Jα on (M×R, Jα, G) vanishes if and only if the associated
Nijenhuis tensor N̂α of the structure (ϕα, ξα, ηα, g) vanishes.
Proof. The statement follows from Proposition 3 and Proposition 4, bearing in
mind (18) and (20). 
Theorem 7. Let (M, ϕα, ξα, ηα, g), (α = 1, 2, 3) be a manifold with almost contact
HN-metric 3-structure. If two of the associated Nijenhuis tensors N̂α vanish, the
third also vanishes.
Proof. It follows by virtue of Proposition 2 and Theorem 6. 
4. Natural connections with totally skew-symmetric torsion
A linear connection D is said to be a natural connection for (ϕα, ξα, ηα, g), α ∈
{1, 2, 3}, if it preserves the structure, i.e.
Dϕα = Dξα = Dηα = Dg = 0.
Theorem 8. Let (M, ϕ1, ξ1, η1, g) be a pseudo-Riemannian manifold with an al-
most contact metric structure. The following statements are equivalent:
(i) The manifold belongs to the class W2 ⊕W4 ⊕W9 ⊕W10 ⊕W11 determined
by
(21) F1(ϕ1x, y, z) + F1(ϕ1y, x, z) + F1(x, y, ϕ1z) + F1(y, x, ϕ1z) = 0.
(ii) The associated Nijenhuis tensor N̂1 vanishes and ξ1 is a Killing vector field;
(iii) The tensor {ϕ1, ϕ1} vanishes and ξ1 is a Killing vector field;
(iv) The Nijenhuis tensor N1 is a 3-form and ξ1 is a Killing vector field;
(v) There exists a natural connection D1 with totally skew-symmetric torsion
for the structure (ϕ1, ξ1, η1, g) and this connection is unique.
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Proof. Using (12) and (13), we have that the vanishing of N̂1 and Lξ1g implies the
identity (21). Viceversa, setting x = y = ξ1 in (21), we have F1(ξ1, ξ1, z) = 0. If
we put x = ϕ1x, y = ϕ1y, z = ξ1 in (21) and use the latter vanishing, we obtain
that Lξ1g = 0 and therefore N̂1 = 0. The determination of the class in (i) by (21)
follows immediately from the definition of the basic classes of the classification in
[2]. So, the equivalence between (i) and (ii) is valid.
Now, we need to prove the following relation
(22) N̂1(x, y, z) = N1(z, x, y) +N1(z, y, x).
We calculate the right hand side of (22) using (11). Taking into account (4) and
their consequence
(23)
F1(x, y, ϕ1z) = F1(x, ϕ1y, z) + F1(x, ξ1, ϕ1y)η1(z)
+ F1(x, ξ1, ϕ1z)η1(y),
we obtain
N1(z, x, y) +N1(z, y, x) = −F1(ϕ1x, z, y)− F1(ϕ1y, z, x)
− F1(x, z, ϕ1y)− F1(y, z, ϕ1x)
− F1(x, ϕ1z, ξ1)η1(y)− F1(y, ϕ1z, ξ1)η1(x).
Using again (23) and the first equality in (4), we establish that the right hand side
of the latter equality is equal to N̂1(x, y, z), according to (12). Therefore, (22) is
valid.
The relation (22) implies the equivalence between (ii) and (iv), whereas the
equivalence between (iv) and (v) is given in Theorem 8.2 of [4]. The equivalence
between (ii) and (iii) follows from (9). 
For the natural connection D1 with totally skew-symmetric torsion for the struc-
ture (ϕ1, ξ1, η1, g), we have
(24) g
(
D1xy, z
)
= g(∇xy, z) +
1
2
T1(x, y, z)
and its torsion T1, according to Theorem 8.2 of [4], is determined in our notations
by
(25) T1 = −η1 ∧ dη1 + d
ϕ
1Φ+N1 − η1 ∧ (ξ1yN1),
where it is used the notation dϕ1Φ(x, y, z) = −dΦ(ϕ1x, ϕ1y, ϕ1z) for the funda-
mental 2-form Φ of the almost contact metric structure, i.e. Φ(x, y) = g(x, ϕ1y).
Since η1 ∧ dη1 = S{η1 ⊗ dη1} holds and because of (4), (6) and the fact that ξ1
is Killing, it is valid the following
(26) (η1 ∧ dη1)(x, y, z) = −2 S
x,y,z
{η1(x)F1(y, ϕ1z, ξ1)}.
Moreover, from the equalities dΦ(x, y, z) = − S
x,y,z
F1(x, y, z) and (4), we get
(27) dϕ1Φ(x, y, z) = − S
x,y,z
{F1(ϕ1x, y, z) + 2F1(x, ϕ1y, ξ1)η1(z)}.
So, applying (26), (27), (11) and (4) to the equality (25), we obtain an expression
of T1 in terms of F1 as follows
(28)
T1(x, y, z) = F1(x, y, ϕ1z)− F1(y, x, ϕ1z)− F1(ϕ1z, x, y)
+ 2F1(x, ϕ1y, ξ1)η1(z).
The equivalences in the following theorem are known from [14] and [19].
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Theorem 9. The following statements for an almost contact B-metric manifold
(M, ϕ2, ξ2, η2, g) are equivalent:
(i) It belongs to the class F3 ⊕ F7, which is characterised by the conditions:
the cyclic sum of F2 by the three arguments vanishes and ξ2 is Killing;
(ii) It has a vanishing associated Nijenhuis tensor N̂2;
(iii) It has a vanishing tensor {ϕ2, ϕ2} and ξ2 is Killing;
(iv) It admits the existence of a unique natural connection D2 with totally skew-
symmetric torsion.
Proof. The equivalence of (i), (ii) and (iv) is known from [14] and [19], whereas the
equivalence of (ii) and (iii) follows from (14) and Proposition 1. 
For the natural connection D2 with totally skew-symmetric torsion for the struc-
ture (ϕ2, ξ2, η2, g), we have
(29) g
(
D2xy, z
)
= g(∇xy, z) +
1
2
T2(x, y, z),
where its torsion T2 is determined by T2 = η2 ∧ dη2 +
1
4SN2 and it is expressed in
terms of F2 by
(30) T2(x, y, z) = −
1
2
S
x,y,z
{
F2(x, y, ϕ2z)− 3η2(x)F2(y, ϕ2z, ξ2)
}
.
Using Theorem 8, Theorem 9 and Proposition 1, we get immediately the follow-
ing
Theorem 10. Let (M, ϕα, ξα, ηα, g), (α = 1, 2, 3) be a manifold with almost con-
tact HN-metric 3-structure. The existence of unique natural connections with to-
tally skew-symmetric torsion for two of the three structures implies an existence of
a unique natural connection with totally skew-symmetric torsion for the remaining
third structure.
Corollary 11. Let (M, ϕα, ξα, ηα, g), (α = 1, 2, 3) be a manifold with almost con-
tact HN-metric 3-structure. If the manifold belongs to two of the following three
classes for the corresponding structure, then the manifold belongs to the remaining
third class for the corresponding structure:
(i) W2 ⊕W4 ⊕W9 ⊕W10 ⊕W11 for α = 1;
(ii) F3 ⊕F7 for α = 2;
(iii) F3 ⊕F7 for α = 3.
Now, we are interested on conditions for coincidence of these three natural con-
nections Dα, (α = 1, 2, 3) with totally skew-symmetric torsion for the particular
almost contact structures with the metric g. Then we shall say that it exists a
natural connection with totally skew-symmetric torsion for the almost contact HN-
metric 3-structure.
Theorem 12. Let (M, ϕα, ξα, ηα, g), (α = 1, 2, 3) be a manifold with almost con-
tact HN-metric 3-structure for which the associated Nijenhuis tensors N̂α vanish
and ξ1 is Killing. This manifold admits a linear connection D with totally skew-
symmetric torsion preserving the almost contact HN-metric 3-structure if and only
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if the following equalities are valid
(31)
F1(x, y, ϕ1z)− F1(y, x, ϕ1z)− F1(ϕ1z, x, y) + 2F1(x, ϕ1y, ξ1)η1(z)
= − 12 S
x,y,z
{
F2(x, y, ϕ2z)− 3η2(x)F2(y, ϕ2z, ξ2)
}
= − 12 S
x,y,z
{
F2(x, y, ϕ3z)− 3η3(x)F3(y, ϕ3z, ξ3)
}
.
If D exists, it is unique.
Proof. According to Theorem 8 and Theorem 9, since N̂α = Lξ1g = 0 are valid then
there exist the natural connections Dα, (α = 1, 2, 3) with totally skew-symmetric
torsion Tα for the structures (ϕα, ξα, ηα, g). Bearing in mind (24), (28), (29) and
(30), the coincidence of D1, D2 and D3 is equivalent to the conditions (31). 
5. A 7-dimensional Lie group as a manifold with almost contact
HN-metric 3-structure
Let L be a 7-dimensional real connected Lie group, and l be its Lie algebra with
a basis {e1, e2, e3, e4, e5, e6, e7}. Then an arbitrary vector x in TpL at p ∈ L is
presented by x = xiei (i = 1, 2, . . . , 7).
Now we introduce an almost contact HN-metric 3-structure (ϕα, ξα, ηα) by a
standard way as follows
(32)
ϕ1e1 = e2, ϕ1e2 = −e1, ϕ1e3 = e4, ϕ1e4 = −e3,
ϕ1e5 = o, ϕ1e6 = e7, ϕ1e7 = −e6,
ϕ2e1 = e3, ϕ2e2 = −e4, ϕ2e3 = −e1, ϕ2e4 = e2,
ϕ2e5 = −e7, ϕ2e6 = o, ϕ2e7 = e5,
ϕ3e1 = e4, ϕ3e2 = e3, ϕ3e3 = −e2, ϕ3e4 = −e1,
ϕ3e5 = e6, ϕ3e6 = −e5, ϕ3e7 = o,
ξ1 = e5, ξ2 = e6, ξ3 = e7,
η1 = x
5, η2 = x
6, η3 = x
7,
where o is the zero vector in TpL, p ∈ L.
Let g be a pseudo-Riemannian metric such that
g(e1, e1) = g(e2, e2) = −g(e3, e3) = −g(e4, e4)
= −g(e5, e5) = g(e6, e6) = g(e7, e7) = 1,
g(ei, ej) = 0, i 6= j.
The almost contact HN-metric 3-structure (ϕα, ξα, ηα) on H coincides with the
almost hypercomplex HN-metric structure considered in [8]. The almost hypercom-
plex structure is defined as in [20].
Let us consider (L, ϕα, ξα, ηα, g) with the Lie algebra l determined by the follow-
ing nonzero commutators:
[e1, e2] = [e3, e4] = λe7,
where λ ∈ R \ {0}.
By the well-known Koszul equality, we compute the components of the Levi-
Civita connection ∇ with respect to the basis and the nonzero ones of them are:
(33)
∇e1e2 = −∇e2e1 = ∇e3e4 = −∇e4e3 =
1
2λe7,
∇e1e7 = ∇e7e1 = −
1
2λe2, ∇e2e7 = ∇e7e2 =
1
2λe1,
∇e3e7 = ∇e7e3 =
1
2λe4, ∇e4e7 = ∇e7e4 = −
1
2λe3.
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Proposition 13. Let (L, ϕα, ξα, ηα, g), (α = 1, 2, 3), be the Lie group L with almost
contact HN-metric 3-structure depending on the nonzero real parameter λ. Then
this manifold belongs to the following basic classes, according to the corresponding
classification in [2] and [6]:
• W10 with respect to (ϕ1, ξ1, η1, g);
• F3 with respect to (ϕ2, ξ2, η2, g);
• F7 with respect to (ϕ3, ξ3, η3, g).
Proof. Using (3), (32) and (33), we obtain the basic components of tensors (Fα)ijk
= Fα(ei, ej, ek) as follows:
(34)
1
2λ = (F1)117 = (F1)126 = −(F1)216 = (F1)227
= (F1)337 = (F1)346 = −(F1)436 = (F1)447
= (F2)125 = (F2)147 = −(F2)215 = (F2)237
= −(F2)327 = (F2)345 = −(F2)417 = −(F2)435
= −(F3)137 = (F3)247 = (F3)317 = −(F3)427.
From (34), applying the classification conditions for the relevant classification in
[2] or [6], we have the classes in the statement, respectively. 
Bearing in mind Proposition 13, we deduce that the conditions (i) of Theo-
rem 8 and Theorem 9 are fulfilled and therefore there exist natural connections
Dα (α = 1, 2, 3) for the corresponding structure (ϕα, ξα, ηα, g) on L. We get the
components with respect to the basis of their torsions Tα (α = 1, 2, 3) by direct
computations from (24), (28), (29), (30) and (34) as follows
(T1)127 = (T1)347 = −λ,
(T2)127 = −(T2)145 = −(T2)235 = (T2)347 = −
1
2λ,
(T3)127 = (T3)347 = −λ.
Obviously, the connections D1 and D3 coincides but D2 differs from them. The
condition (31) of Theorem 12 is not fulfilled and therefore it does not exist a unique
connection with totally skew-symmetric torsion preserving the almost contact HN-
metric 3-structure on L.
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